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Abstract 
In this study, the two-stage cumulative fatigue behavior for the carbon nanotube (CNT)/epoxy composites was experimentally 
investigated. The content of the chemically modified multi-walled carbon nanotubes used for the employed specimen is 0.5 wt. 
%. The loading sequence effect and the influence of the cycle ratio of the first stage on the cumulative fatigue life were studied 
herein. Two loading sequences, i.e., high-to-low and low-to-high cases, were considered in the experimental program to study the
interaction of applied loads at the two stages. The high and low loading levels were selected as the applied loads corresponding to 
the basic fatigue lives of 20,000 and 500,000 cycles, respectively. Furthermore, five cycle ratios of the first stage, i.e., 0.1, 0.2, 
0.5, 0.7 and 0.9, were chosen as the experimental variables in the fatigue tests. All the tests were performed using an Instron 8872 
servo-hydraulic testing system and the employed loading frequency is 7 Hz. Moreover, all the fatigue tests were stress-controlled
at room temperature with the stress ratio of 0.1. To evaluate the cumulative fatigue life, the Miner’s rule was employed to predict 
the remaining fatigue life of the second stage. Besides, the specimen stiffness and the electrical resistance during the preliminary 
constant-amplitude fatigue tests were utilized to describe the fatigue damage and the corresponding damage curves were 
developed to predict the cumulative fatigue life. By comparing the prediction results with the experimental data, it shows that the 
Miner’s rule fails to evaluate the cumulative fatigue life, while the non-linear damage theories based on the variation of the 
stiffness and the electrical resistance provide good estimated results of the cycle ratio of the second stage. 
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1.  Introduction 
Since being discovered by Iijima in 1991 [1], carbon nanotubes (CNTs) have received much attention in most 
areas of science and engineering for their unique mechanical, thermal and electrical properties. One of the important 
applications of the CNTs is to reinforce the polymer materials. For epoxy resin is the most common used polymer 
matrix for composite materials, the research of the CNT/epoxy composite has attract considerable interesting in 
recent yeas. To improve the mechanical strength of this nanocomposite, many efforts have been made to 
functionalize, surface-modify the CNT, or improve the dispersion of CNT in epoxy [2-11], because the mechanical 
* Corresponding author. Tel.: +886-3-518-6485; fax: +886-3-518-6521. 
E-mail address: ymjen@chu.edu.tw. 
c© 2010 Published by Elsevier Ltd.
Procedia Engineering 2 (2010) 2111–2120
www.els /locate/procedia
1877-7058 c© 2010 Published by Elsevier Ltd.
doi:10.1016/j.proeng.2010.03.227
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
2 Y-M Jen et al. / Procedia Engineering 00 (2010) 000–000 
properties of the CNT/epoxy composites are strongly dependent on the crosslink between the CNTs and epoxy 
matrices. However, the majority of the past studies regarding the mechanical properties of CNT/epoxy composites 
were concentrated on the static strength of the nanocomposites and the fatigue-resistance property of the CNT/epoxy 
composites was rarely studied. In 2003, Ren et al. [12] studied the tension-tension fatigue behavior of the 
unidirectional single-walled CNT/epoxy composites and the fracture surfaces were observed to examine the fatigue 
mechanism of this nanocomposite. Yu et al. [13] investigated the fracture toughness and fatigue behavior of the neat 
epoxy and multi-walled CNT/epoxy composites in 2008. The reinforcement of CNTs in the epoxy matrix was found 
to increase the fatigue strength significantly. In 2009, Nofar et al. [14] reported the variation of the electrical 
resistance during the fatigue tests, and the resistance change was found to be sensitive in identifying the crack 
location.  
By surveying the past fatigue studies of the CNT/epoxy composites, the amplitudes of the cyclic loading 
employed in the fatigue experiments are all constant. However, in practical application of engineering materials, the 
amplitudes of the service loading are random or variable. The application and future development of this innovative 
material will be restricted if the cumulative fatigue behavior for this nanocomposite is not well studied. In general, 
the investigation of the two-stage cumulative fatigue is fundamental to the variable-amplitude fatigue design. Hence, 
the goal of this research is to experimentally study the two-stage cumulative fatigue life of the CNT/epoxy 
composites. The loading sequences and the cycle ratio of the first stage are the considered variables in the 
experimental program. The variations of the stiffness and the electrical resistance of the studied material are 
recorded in the preliminary constant-amplitude fatigue tests and employed to establish the non-linear damage 
curves. The Miner’s rule [15] and the nonlinear damage theories based on the stiffness and resistances are utilized to 
predict the remaining fatigue life of the second stage, and the estimated results are compared with the experimental 
data herein to examine the prediction performance of these damage rules.                   
2.  Experimental Program 
2.1. Preparation of  specimens 
The multi-walled CNTs employed for this study were produced by chemical vapor deposition. The CNTs have a 
specific diameter of 30-50 nm, length of 10-200 um and the purity is greater than 93%. The employed epoxy was 
Part A: E-190 (bisphenol A epoxy) and Part B: associated curing agent H-190, both purchased from Silmore 
Industrial Company, Taiwan.  
The as-received CNTs was suspended in nitric acid and refluxed with vigorous magnetic stirring at 120 
oC for 1 h 
first. The supernatant was then washed with deionized water and filtered through a polyvinylidene fluoride filter 
until the PH value reached neutral. The CNT/epoxy solutions were prepared by using 17.5 g treated CNTs mixed 
with 100g epoxy, and the mixture was mechanical stirred for 10 min and then dried at 120  oC  for 8 h to evaporate 
the additional moisture. After the drying procedure, the mixture was mixed with the surfactant Triton X-100 with 
mechanical stirring for 1 h. The treated mixture was ultrasonicated at 60 oC for 1 h to get a homogeneous solution 
and placed in a vacuum system for 1 h to remove the bubbles. The created CNTs/epoxy solution were mixed with 
the curing agent according to the mixing ratio of 10:4 and with mechanical stirring for 10 min. The defoamer was 
also added in the solution simultaneously to remove the bubbles. The treated solution was then ultrasonicated at 25
oC for 10 min and a vacuum system was used again for 1 hr to remove the bubbles completely.  
The as-prepared CNT/epoxy solutions were poured into a Teflon mould. After being placed in a vacuum system 
for 1 h to remove additional bubbles, the solutions were cured under the controlled condition of 300 psi and 120 oC
for 1 h. The cured material was machined to the shape and dimensions of the specimens shown in Fig. 1 using a 
water jet system. The ultimate strength of the as-prepared CNT/epoxy composite ultV  obtained from the static 
tensile test is 60.3 MPa. Fig. 2 shows the scanning electron micrograph of the fracture surface of the specimen after 
the static tensile test. The fracture surface shows the uniform distribution of CNTs in the epoxy matrix, indicating 
the chemically modification of CNTs described above can markedly decrease the aggregation of CNTs and improve 
the dispersion of CNTs in the matrix.  
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2.2. Fatigue tests 
All the fatigue tests were performed at room temperature using an Instron 8872 servohydraulic material testing 
system. The basic constant-amplitude fatigue life of the studied nanocomposite material was experimentally 
analyzed first. The specimens were fatigue tested under load-control mode, and the stress ratio defined as the ratio of 
the minimum stress to the maximum stress was set to be 0.1. The shape of the loading waveform is sinusoidal and 
the employed frequency is 7 Hz. Five stress levels, i.e., 30%, 35%, 40%, 45%, 50% of the static ultimate strength 
ultV , were selected as the maximum applied stresses, maxV . The fatigue life f  is defined as the number of cycles 
corresponding to the specimen separation. Three specimens were tested for each experimental case to ensure the 
reliability of the fatigue data. Fig. 3 shows the basic fatigue curve of the studied CNT/epoxy composites. The 
relationship between the maximum applied stress max
N
V  and the fatigue life f  is fitted using a power-law equation, 
which is a straight line in the log-log scale diagram. The fitting result can be expressed as: 
N
  0.0855max 61.3 fMPa NV  (1) 
During the fatigue tests, the electrical resistance within the gauge length and the stiffness of the specimens were 
real-time recorded. The stiffness of the specimen S is defined as the ratio of the applied load range to the range of 
the crosshead displacement. The variation of the electrical resistance and stiffness with the fatigue cycles will be 
employed later to describe the fatigue damage of the studied nanocomposite. 
Fig. 1. Shape and dimensions of the studied CNT/epoxy composite specimen. 
Fig. 2. Scanning electron micrograph of the fracture surface of the studied specimen after the static tensile test. 
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Fig. 3. Basic fatigue curve of the studied CNT/epoxy composites. 
In the two-stage cumulative fatigue tests, one high stress level ( max 43.6% ultV V ) and one low stress level 
( max 33.1% ultV V ) were selected as the controlled conditions for each stage of the cumulative fatigue experiments. 
The basic fatigue lives for the high and low stress levels are corresponding to the fatigue lives of 50,000 and 
200,000 cycles. If the stress level of the first stage is lager than that of the second stage, the loading sequence is high 
to low (H-L); reversely, low to high (L-H). Five cycle ratios of the first stage, 0.1, 0.3, 0.5, 0.7, and 0.9 were 
selected as the experimental variables to study the effect of the cycle ratio of the first stage on the cumulative fatigue 
behavior. The procedure of the two-stage cumulative fatigue experiments is to fatigue-test the specimen under the 
stress level of the first stage until the number of the applied cycles reached the requested value, then the specimen 
was fatigue-tested under the stress level of the second stage to failure.  
3.  Results and discussion 
3.1.  The  stiffness-based and resistance-based damage curves 
Fig. 4(a) shows an example of the variation of specimen stiffness with the fatigue cycles in which the maximum 
applied stress is 50% of the ultimate strength of the studied material. The cycle ratio defined by the ratio of the 
numbers of applied cycles to the fatigue life is employed in Fig. 4(a) to normalize the fatigue cycles. The stiffness 
decreases evidently in the first few cycles and then to decrease moderately until the final stage, where the stiffness 
drops abruptly to zero within 10 cycles. The stiffness histories for other fatigue tests at various stress levels are 
similar to that described above. After omitting the unstable behavior of stiffness drop at the final stage, Fig. 4(b) 
shows the variation of the stiffness with the cycle rations for the studied specimens tested at various stress levels. 
The decreasing of stiffness was employed to represent the fatigue damage fraction herein. The stiffness-based 
damage fraction at the nth cycle  is defined as SD
n f
S
i f
S S
D
S S

 

(2) 
where i , nS , and fS are the magnitudes of stiffness corresponding to the initial cycle, the nth cycle, and the final 
stable cycle, respectively.  
S
Fig. 4(c) shows the experimental stiffness-based damage fractions for the studied specimens tested at various 
stress levels. It is apparent that the damage is strongly dependent on the applied stress level. Under the fixed cycle 
ratio, the specimens tested at higher stress levels experience larger damage ratios. Furthermore, the damage fraction 
for the specimen tested at higher stress levels increases more significantly at the initial stage of the fatigue life than 
that tested at lower stress levels. The stiffness-based damage curves can be described by fitting the experimental 
data points of damage fractions using the exponential equation: 
SP
  (3) S
nD
N
§ · ¨ ¸© ¹
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where the exponent  is a function of stress levels. S
Fig. 5 shows the relationship between the exponent SP  and the applied stress levels L. In this figure, the stress 
level L is expressed as the percentage of the ratio of the maximum applied stress to the ultimate strength. This 
relationship can be fitted using a power law, which can be expressed as: 
P
6 4.466.910 10SP
 u   (4) 
Fig. 6(a) shows the variation of the electrical resistance of the studied specimens tested at different stress levels. 
Unlike the behavior of the stiffness during the fatigue tests, the electrical resistance of the specimen increases with 
the fatigue cycles. Hence, another damage fraction based on the variation of the electrical resistance RD  was 
proposed in the study, which can be defined using the following equation: 
f n
R
f i
R R
D
R R

 

(5) 
where i , n , and f are the magnitudes of the electrical resistance corresponding to the initial cycle, the nth cycle, 
and the final stable cycle, respectively.  
R R R
Fig. 6(b) shows the experimental resistance-based damage fractions for the studied specimens tested at various 
stress levels. Similar to the behavior of the stiffness-based damage fraction, the specimens tested at larger stress 
levels experience larger damage fractions. Furthermore, the damage fraction for the specimen tested at higher stress 
levels increases apparently at the initial stage of the fatigue life and the increasing rate slows down at the final stage 
of the fatigue life. Oppositely, for the specimen tested at lower stress levels, the damage fraction increases slowly at 
the initial stage of the fatigue life, but raises significantly at the final stage of the fatigue life. The resistance-based 
damage curves can be also described by fitting the experimental data points of damage fractions using the follow 
equation: 
RP
R
nD
N
§ · ¨ ¸© ¹
(6) 
where the exponent RP  is a function of the stress level L. Fig. 7 shows the relationship between the exponent RP
and the applied stress levels L. This relationship can be also fitted using a power law, which can be expressed as: 
7 4.8676.633 10RP
 u  L (7) 
Fig. 4. (a) Example of the variation of specimen stiffness with the fatigue cycles ( max 50% ultV V ); (b) variation of the stiffness with the cycle 
rations for the studied specimens tested at various stress levels; (c) experimental stiffness-based damage fractions for the studied specimens tested 
at various stress levels. 
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Fig. 5. Relationship between the exponent  expressed in Eqn. (3) and the applied stress levels L.SP
      
Fig. 6. (a) Variation of the electrical resistance of the studied specimens tested under different stress levels; (b) experimental resistance-based 
damage fractions for the studied specimens tested at various stress levels 
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Fig. 7. Relationship between the exponent RP  expressed in Eqn. (6) and the applied stress levels L.
Using Eqns. (4) and (7), the exponents SP  and RP  corresponding to any specific stress level can be obtained, and 
then the predicted damage curves based on the stiffness and the electrical resistance for any specific stress level can 
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be obtained easily. Fig. 8(a) and 8(b) show the prediction results of the stiffness-based and resistance-based damage 
curves, respectively. The solid lines shown in the figures represent the fitting curves of the experimental damage 
data corresponding to the high and low stress levels employed in the two-stage cumulative fatigue tests, and the 
dashed curves are the predicted damage curves using Eqns. (4) and (7). These figures show that the solid line and 
the dashed line are almost identical for each stress levels, elucidating that the procedure for obtaining the predicted 
damage curves proposed herein is reliable, and these damage curves can be utilized in the prediction of the 
remaining fatigue life in the two-stage cumulative fatigue tests.  
     
Fig. 8. Prediction results of the cycle ratio of the second stage using (a) the stiffness-based damage curves; and (b) the resistance-based damage 
curves.
3.2. Two-stage cumulative fatigue behavior 
Fig. 9 shows the experimental results of the two-stage cumulative fatigue tests. In this figure, iC  is the cycle ratio 
of the ith stage, which is defined as the ratio of the applied fatigue cycles of the ith stage, 1 , to the basic fatigue life 
at the stress level of the ith stage, iN . Besides, the subscript e denotes the experimental values obtained in the 
fatigue test. Fig. 9 demonstrates that the loading sequence effect apparently exists in the two-stage cumulative 
fatigue behavior for the CNT/epoxy composites because the sum of the cycle ratios for the two stages in the L-H 
cases is larger than that in the H-L cases. Moreover, the average values of the sum of the cycle ratios in the L-H 
cases are larger than unity, and those in the H-L cases are smaller than unity. The experimental results indicate that 
the traditional linear damage rule can not predict the remaining fatigue life of the second stage effectively. 
n
Fig. 9. Experimental results of the sum of the cycle ratios of the two stages in the two-stage cumulative fatigue tests. 
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3.3. Prediction of the cycle ratio of the second stage 
The Miner’s rule and the non-linear damage rules based on the stiffness and the electrical resistance were 
employed herein to predict the remaining fatigue life of the second stage. The Miner’s rule is a linear damage 
theory, in which the cycle ratio is applied to express the fatigue damage, and the damage fraction is independent of 
the applied stress levels. By applying the Miner’s rule, the predicted cycle ratio of the second stage  can be 
obtained using the following equation: 
2 pC
2 1pC   (8) 
Fig. 10 presents the prediction results of the cycle ratio of the second stage using the Miner’s rule. The diagonal 
solid line in this figure represents the exact prediction and the deviation bands of r 0.2 (depicted as dashed lines) 
are also provided to examine the scatter of the data points. Fig. 10 shows that the Miner’s rule fails to predict the 
remaining fatigue life of the second stage for the majority of data points fall outside of the deviation band. The 
results reveal that the cycle ratio is not appropriate to describe the fatigue damage for the studied nanocomposites 
because the cycle ratio can not reflect the actual mechanism of fatigue failure for the studied material.  
Fig. 11 shows a schematic diagram for the application of the non-linear damage curves in the prediction of the 
cycle ratio of the second stage. When the applied cycles at the stress level of the first stage 1  are finished, the 
damage fraction 1  can be obtained from the damage curve corresponding to the stress level of the first stage. Then 
the damage fraction 1  can be transferred to the damage curve corresponding to the stress level of the second stage, 
and the predicted cycle ratio of the second stage 2
n
D
D
pC  can be obtained. Using the stiffness-based and resistance-
based non-linear damage curves, the predicted value of 2 pC  can be obtained using the following equations: 
  1 22 11 S S
P
1
P
pC Cª º  ¬ ¼   (9) 
  1 22 11 R R
P
1
P
pC Cª º  ¬ ¼ (10) 
where the S  and P RP  are the exponents of the stiffness-based and resistance-based damage curves, respectively. The 
subscripts 1 and 2 represent the stress levels of the first and second stages, respectively.  
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Fig. 10. Prediction results of the cycle ratio of the second stage using the Miner’s rule. 
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Fig. 11. Schematic depict for the application of the non-linear damage curves in the prediction of the cycle ratio of the second stage. 
Fig. 12(a) and 12(b) show the prediction results of the cycle ratio of the second stage using the stiffness-based 
and resistance-based damage curves, respectively. It shows that good predictions are made for both non-linear 
damage theories. The majority of the data points fall within the deviation bands and only 5 and 4 data points fall 
outside of the deviation bands for Fig. 12(a) and Fig. 12(b), respectively. The successful application of the variation 
of the physical properties in the prediction work means that the stiffness and the electrical resistance can respond the 
micro-mechanism of fatigue failure for the studied nanocomposites. Hence, the relationship between these 
macroscopic changes of physical properties and the microscopic damage evidences should be studied in the future.  
             
Fig. 12. Prediction results of the cycle ratio of the second stage using (a) the stiffness-based damage curves and (b) the resistance-based damage 
curves.
4.  Conclusions 
The two-stage cumulative fatigue life for the CNT/epoxy composites has been experimentally studied. Both 
linear and non-linear damage rules were employed to predict the remaining fatigue life of the second stage. Several 
conclusions can be summarized as:  
x The loading sequence effect is found to exist in the two-stage cumulative fatigue behavior for the studied material 
and the Miner’s rule fails to predict the remaining fatigue life of the second stage. 
x The non-linear damage curves based on the variation of the stiffness and the electrical resistances were 
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experimentally determined in the study and fitted using exponential functions. The exponents expressed in the 
equations of damage curves are strongly dependent on the applied stress levels.  
x The application of the stiffness-based and resistance-based non-linear damage curves can provide good prediction 
of the cycle ratio of the second stage.   
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